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ROOTS OF UNITY IN K(n)-LOCAL E∞-RINGS
SANATH DEVALAPURKAR
Abstract. We prove that any K(n)-local E∞-ring whose homotopy contains
a primitive pkth root of unity must be trivial, allowing us to prove that the
Lubin-Tate tower does not lift to derived algebraic geometry.
1. Introduction
Commutative rings arise as the homotopy of E∞-ring spectra from homotopy
theory. This procedure can trivially be reversed: to any commutative ring R, we
can associate the E∞-ring HR. These are not useful in studying the K(n)-local
category of spectra.
One can sometimes realize commutative rings as the homotopy of K(n)-local
E∞-rings (which is a much more rigid condition). A tool to construct E∞-rings
with nontrivial homotopy groups comes from a theorem of Lurie’s, which says that
if R is an E∞-ring, and π0R → R
′ is an e´tale map of commutative rings, there
is an E∞-ring R˜
′ such that π0R˜
′ ≃ R′. In constructing sheaves of E∞-rings, one
usually works with e´tale maps of E∞-rings, although one does not need e´taleness
to construct a sheaf of (homotopy commutative) ring spectra. This is because
ramification in commutative algebra behaves terribly with E∞-realizations: e´tale
maps are unramified, so no problems arise there. In this paper, we present a
particularly dramatic failure of E∞-realizations
1 of ramification.
Theorem 1.1. Fix an integer n ≥ 1.
• There is no K(n)-local E∞-ring R (at the prime 2) such that π0R contains
a primitive 2kth root of unity for some k ≥ 2.
• Let p be an odd prime. There is no K(n)-local E∞-ring R (at the prime p)
such that π0R contains a primitive p
kth root of unity for some k ≥ 1.
This implies that the fpqc site ofMFG does not have a sheaf of E∞-rings lifting its
structure sheaf. It would be interesting to prove more general conditions involving
E∞-realizations of ramified extensions.
As a corollary, we obtain the following result.
Corollary 1.2. The Lubin-Tate tower (for deformations with level structure of the
Honda formal group of height n at the prime p) does not lift to a tower of derived
stacks over Morava E-theory of height n at p.
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1In fact, the result as stated below is true if we place E∞ with H∞.
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2. Power operations on K(1)-local E∞-rings
Let R be a K(1)-local E∞-ring. Consider an element α ∈ π0R, represented by
a map S0 → R. Since R is an E∞-ring, this factors through the free E∞-algebra
S{x} on one generator. Moreover, since R is K(1)-local, this factors as a map
fα : LK(1)S{x} → R. Let y ∈ π0LK(1)S{x}, represented by a map y : S
0 →
LK(1)S{x}. The composite fαy gives an element of π0R, and hence begets an
operation π0R→ π0R given by α 7→ fαy.
Another approach to power operations stems from the cohomology of symmetric
groups (see [Hop14] for this point of view). Let α ∈ π0R; then, the E∞-structure
on R allows us to construct a map gα : BΣp+ → R, such that the composite map
S0 = B∗+
i
−→ BΣp+ → R (coming from the map i : ∗ → Σp) represents the element
αp.
There is a map Σp → ∗, inducing ǫ : BΣp+ → S
0. The transfer also gives rise to
a map Tr : BΣp+ → S
0. Then BΣp+ splits, K(1)-locally, as a wedge S
0 ∧ S0 via
the maps ǫ and Tr. This allows us to define maps θ, ψp : S0 → BΣp+ by requiring
that
Trψ = 0, Tr θ = −1/(p− 1)!, ǫψ = 1, ǫθ = 0.
Since ǫi = 1 and Tr i = p!, we find that i = ψp − pθ. By composing with gα, it
follows that if we define ψp(α) = gαψ
p, θ(α) = gαθ : S
0 → BΣp+ → R, then
ψp(α) = αp + pθ(α).
The map ψp is a ring homomorphism. This construction begets operations ψp, θ :
π0R → π0R. If R is a K(1)-local Kp-algebra, then this is an exhaustive list of op-
erations; indeed, McClure computed that π0LK(1)(Kp ∧ S{x}) ≃ Zp[x, x1, x2, · · · ],
where xi = θ(xi−1) and θ(x) = x1.
One can construct power operations on K(n)-local E∞-rings for n > 1, but, as
we will see below, we only need to have a grasp of power operations in theK(1)-local
case.
3. The proof
Let R be a K(1)-local E∞-ring; then, as described in the previous section, its
homotopy admits power operations ψp, θ : π0R→ π0R, such that ψ
p(x) = x+pθ(x),
and ψp is a ring homomorphism. Using the existence of these power operations,
Michael Hopkins (in unpublished work) gave a proof of the following fact.
Lemma 3.1. Let R be the spectrum obtained by adjoining a primitive pth root of
unity to p-adic K-theory. Then R is not an E∞-ring.
Proof. The spectrum R is a K(1)-local spectrum. If π0R contained a primitive pth
root of unity ζ, then the power operations would supply an equality
ψp(ζ) = 1 + pθ(ζ).
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Since ψp is a ring homomorphism, if Φp denotes the pth cyclotomic polynomial, we
have Φp(ψ
p(ζ)) = ψp(Φp(ζ)) = ψ
p(0) = 0, so ψp(ζ) is another primitive pth root
of unity, i.e., ψp(ζ) = ζk for some 1 ≤ k ≤ p− 1. Since θ(ζ) 6= 0, the prime p must
divide 1− ζk, which is impossible. 
In an email, Tyler Lawson gave a proof of the following generalization of Lemma
3.1 at the prime 2.
Proposition 3.2. There is no K(1)-local E∞-ring R such that π0R contains a
primitive 2kth root of unity for some k ≥ 2.
Proof. Suppose otherwise; then such an E∞-ring R would necessarily have a prim-
itive fourth root of unity i in π0R. Since
θ(xy) = θ(x)y2 + θ(y)x2 + 2θ(x)θ(y),
if x = y = i, then θ(−1) = −1 would be −2(θ(i) − θ(i)2). This, however, implies
that 2 is invertible, which is impossible. 
He asked if this result can be generalized to all heights and primes. In this paper,
we answer this question in the affirmative.
Theorem 3.3. Let p be an odd prime. There is no K(n)-local E∞-ring R such
that π0R contains a primitive p
kth root of unity for some k ≥ 1.
We will begin by proving this result at height 1. The additivity of ψp shows that
θ(x+ y) = θ(x) + θ(y) +
p−1∑
i=1
1
p
(
p
i
)
xiyp−i.
We have
(1) θ
(
k∑
i=1
xi
)
=
k∑
i=1
θ(xi) +
p−1∑
i=1
1
p
(
p
i
)k−1∑
j=1
xp−ij+1
(
j∑
ℓ=1
xℓ
)i .
Suppose R is a K(1)-local E∞-ring whose homotopy contains a primitive p
kth
root of unity for some k; then π0R contains a primitive pth root of unity ζ. Since
1+ ζ + · · ·+ ζp−1 = 0, we learn that θ(1 + ζ + · · ·+ ζp−1) = 0. Applying Equation
(1) to the left hand side, we get
0 =
p−1∑
i=0
θ(ζi) +
p−1∑
i=1
1
p
(
p
i
)p−1∑
j=1
ζj(p−i)
(
j−1∑
ℓ=0
ζℓ
) .(2)
As ψp is multiplicative, we deduce that θ(xn) = ((xp+pθ(x))n−xnp)/p; this implies
p−1∑
i=0
θ(ζi) =
p−1∑
i=1
(1 + pθ(ζ))i − 1
p
=
p−1∑
i=1
i∑
k=1
(
i
k
)
pk−1θ(ζ)k .
Splitting up terms, we obtain
p−1∑
i=0
θ(ζi) = θ(ζ)
p−1∑
i=1
i+
p−1∑
i=1
i∑
k=2
(
i
k
)
pk−1θ(ζ)k = p
(
p− 1
2
θ(ζ) +
p−1∑
i=1
i∑
k=2
(
i
k
)
pk−2θ(ζ)k
)
.
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To complete the proof, it suffices to prove that the other sum in Equation (2) is
equal to −1, since this would imply that p is invertible — which is clearly absurd.
We can compute this directly:
p−1∑
i=1
1
p
(
p
i
)p−1∑
j=1
ζj(p−i)
(
j−1∑
ℓ=0
ζℓ
) = p−1∑
i=1
1
p
p−1∑
j=1
(
p
i
)
ζj(p−i)
(
1− ζj
1− ζ
)i
=
p−1∑
j=1
1
p
p−1∑
i=1
(
p
i
)
ζj(p−i)
(
1− ζj
1− ζ
)i
=
p−1∑
j=1
1
p
((
ζj +
1− ζj
1− ζ
)p
− 1−
(
1− ζj
1− ζ
)p)
=
p−1∑
j=1
1
p
((
1− ζj+1
1− ζ
)p
− 1−
(
1− ζj
1− ζ
)p)
=
−p
p
= −1.
This proves Theorem 3.3 at height 1.
To prove Theorem 3.3 at all heights, suppose n ≥ 2, and let R be a K(n)-
local E∞-ring such that π0R contains a primitive p
kth root of unity ζpk for some
k ≥ 1. Then π0LK(1)R also contains a primitive p
kth root of unity, simply because
π0R
π0LK(1)
−−−−−→ π0LK(1)R is a ring homomorphism, so π0LK(1)(ζpk ) is another prim-
itive pkth root of unity. By the arguments laid out above, LK(1)R ≃ 0, i.e., R is
K(1)-acyclic. The main result of [Hah16] implies that R is K(n)-acyclic for every
n ≥ 2, so R ≃ LK(n)R ≃ 0, as desired.
Note that Hahn’s result in [Hah16] allows for a more general conclusion: there
cannot be a nontrivial K(n)-local H∞-ring such that π0R contains a primitive p
kth
root of unity.
4. The Lubin-Tate tower
In arithmetic geometry, one has a tower (called the Lubin-Tate tower) of finite
flat extensions of the Lubin-Tate space, given by the rings representing deformations
(of the Honda formal group) along with a chosen Drinfel’d level structure. These
level structures play an important role in constructing power operations on Morava
E-theory. Moreover, the Lubin-Tate tower is an object cherished by arithmetic
geometers, since it simultaneously admits actions of three groups which form the
main object of study in local Langlands.
Let R be a complete local Noetherian W (Fph)-algebra, and let (G, ι) be a de-
formation of the Honda formal group of height h to R. Let m denote the maximal
ideal of R equipped with the group law given by G.
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Definition 4.1 (Drinfel’d). A Drinfel’d level pk-structure is a homomorphism φ :
(Z/pk)h → m such that there is an inequality of Cartier divisors∑
a∈(Z/pk)h[p]
[φ(a)] ≤ G[p].
If we pick a coordinate x on G, then this amounts to asking that, inside R[[x]] ∏
a∈(pk−1Z/pkZ)h
(x− φ(a))
 |[p](x).
Drinfel’d proved (see [Dri74, Proposition 4.3]) that the functor that sends a
complete local W (Fph )-algebra (R,m) to the set of deformations of the Honda
formal group (of height h) along with a level pk-structure is represented by an
K-algebra Ahk , where K denotes the Lubin-Tate ring. These rings can be defined
inductively, by adjoining the pk-torsion in G; for instance, if k > 1, then
Ahk = A
h
k−1[x1, ..., xh]/([p](xi)− φ(ai)),
where {ai} is the canonical basis for (Z/p
k)n.
For instance, at height h = 1, we have A11 ≃ Zp[ζp] (see, e.g., [Wei16, Section 2.3];
alternatively, this follows immediately from the explicit description given in [Dri74,
Lemma in Proposition 4.3]). We claim that if k > 1, then A1k ≃ Zp[ζpk ]. Indeed,
recall that [p](x) = (1 + x)p − 1. Moreover, note that if φ : (Z/pk−1)h → A1k−1 is
the universal level pk−1-level structure φ(1) = ζpk−1 − 1. It follows that
A1k ≃ A
h
k−1[x]/([p](x) − φ(1)) ≃ Zp[ζpk ],
as desired.
Corollary 4.2. Let Mhk denote the Lubin-Tate space at level p
k and height h, and
let E denote Morava E-theory at height n and the prime p. Then Mhk does not
admit a lift to a derived stack over E for any k > 0.
Proof. There is a “determinant” map of formal schemesMhk →M
1
k constructed in
Section 2.5 of [Wei16]. Both formal schemes are affine, i.e., Mhk ≃ Spf A
h
k for some
Ahk . Above, we showed that A
1
k ≃ Zp[ζpk ]. The image of ζpk under the induced
map Zp[ζpk ]→ A
h
k is a primitive p
kth root of unity in Ahk . Applying Theorem 1.1,
we conclude that Ahk does not lift to a K(h)-local E∞-ring; in particular, there is
no K(h)-local E-algebra whose homotopy is isomorphic to Ahk . 
A different proof of Corollary 4.2 was provided by Niko Naumann in private
communication.
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